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ABSTRACT 

A method is described which simplifies the derivation of many wind 
tunnel data reduction equations. Standard matrix techniques are used 
for the solution of the simultaneous equations encountered in the trans­
formation of vector components from one axes system to another. Two 
typical applications are presented: the determination of aerodynamic 
angles and the transfer of aerodynamic loads from body to wind axes. 
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NOMENCLATURE 

Arbitrary vector 

Vector components of A directed along the Xn-, Yn-, 
and Zn-axes, respectively 

Axial force, body axes 

Crosswind force, wind axes 

Drag force, wind axes 

Lift force, wind axes 

Normal force, body axes 

Side force, body axes 

Rolling moment, body axes 

Rolling moment, wind axes 

Pitching moment, body axes 

Pitching moment, wind axes 

Yawing moment, body axes 

Yawing moment, wind axes 

Transformation matrix, subscripts indicate 
rotation angles and order of rotation 

Inverse of transformation matrix 

Transpose of transformation matrix 

Determinant of transformation matrix 

Velocity components directed along the Xn-, Yn-, and 
Zn -axeS, respectively 

Free-stream velocity 

Orthogonal axes, subscript indicates number of 
rotational operations performed on axes system 

Angle of attack, angle between the projection of the 
wind X -axis on the body X, Z-plane and the body X-axis 

Indicated pitch angle 

Sting prebend angle in the body X, Z-plane 

iv 
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Angle of sideslip, angle between the wind X-axis 
and the projection of this axis on the body X, Z-plane 

Pitch angle, angle of rotation about the Y-axis, 
positive when the +Z-axis is rotated into the +X-axis 

Roll angle, angle of rotation about the X-axis, positive 
when the +Y-axis is rotated into the +Z-axis 

Indicated roll angle 

Yaw angle, angle of rotation about the Z-axis, 
positive when the +X-axis is rotated into the + Y-axis 

v 



A E DC- T D R-63-224 

1.0 INTRODUCTION 

In the development of wind tunnel data reduction programs, it is 
frequently necessary to transform vectors, such as forces and velocity 
components, from one rectangular Cartesian coordinate system to 
another. The transformation may be accomplished by rotating the axes 
system through a succession of angles until the desired axes system is 
obtained. The relation between the reference-axes system and the 
transformed-axes system may then be determined by solving the set of 
simultaneous equations which result from the individual rotations. The 
solution of these equations is greatly simplified by the use of matrix 
techniques. In the following sections, transformation matrices are 
developed for rotation about each of the orthogonal axes and then the 
method of combining a series of rotations is described. Typical applica­
tions are given to demonstrate the method. 

2.0 DEVELOPMENT OF THE TRANSFORMATION MATRICES 

An orthogonal right-hand axes system is used in the development of 
the transfor:qlation matrices. The three basic orientation angles are 
defined in Refs. 1 and 2 as: The roll angle, rp, which results from a 
rotation of the axes system about the X-axis; the pitch angle, e, which 
results from a rotation about the Y-axis; and the yaw angle, t/J, which 
results from a rotation about the Z -axis. The positive directions of the 
axes are indicated in Fig. 1, and the rotation about an axis is defined as 
positive when it appears clockwise to an observer looking along the axis 
in the positive direction. The transformation matrices derived in this 
section are correct only if these conventions are observed. 

1fJ 

X"--

z 
Fig. 1 Axes System and Orientation Angle Notation 

Manuscript received September 1963. 
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Basic transformation matrices are developed first for each of the 
rotation angles. 

2.1 ROLL TRANSFORMATION MATRIX 

Consider an arbitrary vector A whose magnitude, by definition, is un­
changed by axis transformations. Resolve the vector into a system of 
three orthogonal components Axo, Ayo, and Azo parallel to the Xo-, Yo-, 
and Zo-axes, respectively. If the axes system is rotated through an angle 
¢ about the Xo -axis, a set of transformed vector components AXl, AYI, 
and AZI are obtained as shown in Fig. 2. 

AXO ' AXI 

¢ / 
AZ1l, __ 

AZO 

'--- -- '- '-~ iI' Proj ection of 
'- __ _ _ I. Vector A on 

AYI 

Y, Z-Plane 

Fig. 2 Roll Rotation, Viewed in the +X Direction 

The relation between the transformed vector components and the original 
vector components is given by 

AXl = (1) Axo + (0) Ayo + (0) Azo 

AYl = (0) Axo + (cos ¢) Ayo + (sin ¢) Azo 

AZI = (0) Axo + (-sin ¢) AyO + (cos ¢) Azo 

Writing Eq. (1) in matrix form, 

AXl Axo 

AYlI [M¢] I Ayo 

AZl Azo 

where the roll transformation matrix [M¢] is given by 

1 o o 

[M¢] ". I 0 cos ¢ sin ¢ 

o -sin ¢ COR ¢ 

2 

( 1) 

(2) 

(3) 
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2.' PITCH TRANSFORMATION MA TRIX 

Consider the system of vector components Axo, Ayo. and Azo to be 
rotated through an angle e about the Yo-axis. This gives the transformed 
vector components AXl, AYl,and AZI as shown in Fig. 3. 

AXO AyO ' AYI 

/ 
I / _. 

Proj ection of 
Vector A on 
X, Z-Plane Il/_L_J AZO --- / .......... 

" ...... j 
AZI 

Fig.3 Pitch Rototion, Viewed in the + Y Direction 

The equations of the transformed vector components are 

AXl = (cos e) Axo + (0) Ayo + (-sin e) Azo 

AYl (0) Axo + (1) Ayo + (0) Azo 

AZI (sin e) Axo + (0) Ayo + (cos e) Azo 

Writing Eq. (4) in matrix form, 

AXl Axo 

AYl [Me] I Ayo 

AZI Azo 

where the pitch transformation matrix [Me] is given by 

cose 0 -sine 

[Me] '" , 0 1 o 

sin e 0 cos e 

3 

(4) 

(5) 

(6) 
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2.3 YAW TRANSFORMATION MATRIX 

Consider the system of vector components Axo, Ayo, and Azo to be 
rotated through an angle TjJ about the Zo -axis. This gives the trans­
formed vector components AXl, AYl, and Az 1 as shown in Fig. 4. 

AXO 
_AXlt', 

/ 

-' AZO ' AZI " '- AyO 

Projection of 
Vector A on 
X, Y-Plane 

Fig. 4 Yaw Rotation, Viewed in the +Z Direction 

The equations of the transformed vector components are 

AXl = (cos TjJ) Axo + (sin TjJ) AyO + (0) Azo 

AYl ( - sin TjJ) A X 0 + (c os TjJ) A YO + (0) A z 0 

AZI = (0) Axo + (0) Ayo + (1) Azo 

Writing Eq. (7) in matrix form, 

AXl 

[MTjJ] 

fAxo 

I Ayo AYl 

AZI LAzo 

where the yaw transformation matrix [MTjJ] is given by 

cos TjJ sin TjJ 0 

[MTjJ] '" I-sin TjJ cos TjJ 0 

o o 1 

4 

(7) 

(8) 

(9) 
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2.4 MULTIPLE OPERATIONS 

In most aerodynamic applications, more than one rotation of the axes 
system is required and two or more of the preceding operations must be 
combined. Assume that a set of vector components Axo, Ayo, and Azo are 
transformed to a new axes system by letting the initial axes system be 
rolled about the Xo-axis, pitched about the Yl-axis, and yawed about the 
Z2-axis in.that order. The transformation equations for each rotation 
are given by Eqs. (2), (5), and (8). Then, 

AXl Axo 

AYl [M¢] I Ayo (lOa) 

AZI Azo 

AX2 AXI 

AY2 
(lOb) 

[Me] I AYl 

AZ2 AZI 

AX3 AX2 

AY3 [Mtf] I AY2 
(lOc) 

AZ3 AZ2 

Substitution of Eqs. (lOa) and (lOb) into Eq. (lOc) will eliminate the inter­
mediate axes 1 and 2. Thus, the transformed vector components 
AX3, AY3, and AZ3 are obtained directly in terms of the initial vector 
components: 

r:::Jl 
lAZ3 

Axol 

[Mtf] [Me] [M¢] I A;oJ == [Mtf e¢] 

Azo 

:::Jl 
Azo 

5 

(11) 
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where the transformation matrix [Mt/le¢] is the product of the three basic 
transformation matrices. Assuming that [Mt/le¢] has the form 

all a1 2 a1 3 

[Mt/le¢] a 2l a22 a23 ( 12) 

a 3 l a32 a3 3 

then Eq. (11) can be written as 

AX3 all Axo + a12 Ayo + a13 Azo 

AY3 a2l Axo + a2 2 Ayo + a23 Azo 
(13) 

AZ3 a3l Axo + a32 Ayo + a33 Azo 

In combining the basic matrices to obtain the product [Mt/I e¢], the 
proper order must be maintained since the transformation matrices are 
not commutative. Therefore, [Me] must operate on [Mcp] and their 
product [Mecp] is operated on by the matrix [MtjlL The mechanics of 
matrix multiplication are given in many texts (e. g., Ref. 3), and an 
example should be sufficient here. Let 

A B C 

[Me] l: E F 

H I 

( 14a) 

and 

~r: 
b c 

[Mcpl e f ( 14b) 

g h 

To obtain the element in the i th row and the j th column of the product 
[Mecp], form a sum of the products of the elements of the i th row 

6 
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of [Me] and the corresponding elements of the j th column of [M¢ L Thus, 
operating on [M¢] with [Me] gives 

Aa + Bd + Cg Ab + Be + Ch Ac + Bf + Ci 

[Me] [M¢] == [Me¢] Da + Ed + Fg Db + Ee + Fh Dc + Ef + Fi ( 15) 

Ga + Hd + Ig Gb + He + Ih Gc + Hf + Ii 

A similar operation is used to obtain 

[M~e¢] [M~][Me¢] ( 16) 

An unlimited number of rotations may be used with this method to 
obtain a set of transformed axes. The specific applications will define 
the number of rotations required and their sequence. However, it is 
essential that the order of combining the transformation matrices is kept 
in the proper sequence as follows: 

AXn Axo 

AYn [Mn th rotation 1 ... [M2] [MIl I Ayo 

A Zn Azo 

where [M2] operates on [Ml], and [M3] operates on their product [M21], 

etc. 

(17) 

The elements of a transformation matrix denote the direction cosines 
of the transformed axes system referred to the fixed axes system. For 
example, in Eq. (12) the element all is the direction cosine of the AX3-

axis referred to the Axo -axis. This property is of use in many applica­
tions and also provides a check on the transformation matrix since the 
determinant of the matrix, IM~e¢ I, must equal unity. 

It is often useful to have the initial vector components given as 
explicit functions of the transformed vector components. This relation 
may be obtained by using the inverse matrix [M-

1 
~e¢] since the trans­

formation matrix is a non-singular square matrix. Multiplying both 
sides of Eq. (11) by the inverse matrix gives 

Axo AX3 

Ayo [M-l~e¢] I AY3 

Azo AZ3 

7 

( 18) 
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In general, the inverse matrix is difficult to evaluate. However, since 
the transformation matrices consist of the direction cosines of three 
mutually perpendicular axes, they are orthogonal matrices and have the 
characteristic that the inverse matrix is equal to. the transpose of the 
matrix, [M 'tj;e¢]. The transpose is easily determined since the i th 
row of the transpose is just the i th column of the matrix. Thus, from 
Eq. (12), 

all a2l a 3l 

[M-1 tj; e¢] [M'tj;e¢] al2 a2 2 a 32 

al3 a 23 a33 

Then, from Eqs. (18) and (19), 

Axo an A x3 + a2l AY3 + a3l AZ3 

Ayo al2 AX3 + a22 AY3 + a32 AZ3 

Azo al3 AX3 + a23 AY3 + a33 AZ3 

An applicatioh of the inverse of a transformation matrix is given in 
Section 3.2.2. 

3.0 TYPICAL APPLICATIONS 

(19) 

(20) 

Since matrix multiplication is not commutative in general, it is 
essential that the correct sequence of rotation is used in applying the 
previously derived matrices. For example, the transformed-axes sys­
tem obtained by pitching and then rolling an axes system is not coin­
cident with the axes system obtained by rolling and then pitching the 
same initial system. Also, in applying the basic transformation matrices, 
the previously defined sign conventions must be followed. 

Two typical applications of transformation matrix techniques to wind 
tunnel data reduction problems are presented to demonstrate the method. 

3.1 DETERMINATION OF MODEL ATTITUDE 

In the analysis of wind tunnel data it is usually necessary to determine 
the model angles of attack and sideslip as functions of the indicated wind 
tunnel angles. 

8 
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If the free-stream velocity vector V is resolved into three orthog­
onal components u, v, and w along the body X-, Y-, and Z-axes, 
respectively, the aerodynamic angles are defined (e. g., Refs. 1 and 
2) by the relations 

a, tan -1 w/u (21 ) 

(3 sin -1 v/V (22) 

These angles are shown in Fig. 5. 

v 

Fig. 5 Velocity Components and Aerodynamic Angles 

A common procedure used in supersonic and hypersonic wind tunnel 
testing for placing a model at combined angles of attack and sideslip is 
to use a mechanism which pitches the model through an indicated angle 
ai in the tunnel X, Z -plane and then rolls the model through an angle ¢i 

about the body X-axis. A bent sting, which pitches the model through 
an angle ap in the body X, Z -plane, may be used in conjunction with the 
pitch mechanism to obtain larger anglelS of attack. 

To determine the relation between the free-stream velocity V and 
the body-axes velocity components, three orthogonal vector components 
Axo, Ayo, and Azo in the tunnel axes are transformed to the body axes by 
the following rotation sequence: (1) Th~ axes system is pitched through 
an angle ai about the tunnel Yo -axis, (2) the system is then rolled through 
an angle CPi about the Xl -axis, and (3) the system is then pitched through 

9 



A EDC- TD R-63-224 

an angle ap about the Y 2 -axis _ The transformed vector components 
AX3, AY3, and AZ3 in the body axes are given by 

AX3 Axo Axo 

[Ma ] [M-+..] [Ma.] 
p '1'1 1 

AY3 Ayo [Ma CPiad p Ayo 

AZ3 Azo Azo 

From Eqs. (3) and (6), 

cosai 0 -sinai 

[Ma. ] 
1 

0 1 0 

sinai 0 cosai 

1 0 0 

[Mcp) = I 0 cosCPi sincpi 

0 -sincpi cosCPi 

.cosa
p 

0 -sina 
p 

[Ma ] 
p 0 1 0 

sina 0 cosap p 
L... 

Then, 

f 
cosap cosai sina sincp. 

p 1 

-sina coscp. sina. 
p 1 1 

[Ma CPiad sincpi sinai cosCPi p 

- COSa sina· 1 p 1 

-sinap cosCPi cosa; . 

sincpi cosai 

sina COSa. 
p 1 

-cosa sin-+.. -sina sina. 
p '1'1 p 1 

+ COSa cosrf,. sina. - p ,1 1 +COsap cosCPi cosa~ 

10 
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(24b) 

(24c) 

(25) 
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From Eq. (23), 

AX3 Axo (cosa COSa· -sina COSA.. sina·) +Ayo (sina sinA..) 
pIP '1"1 1 P '1"1 

-Azo (Cosa sina. +sina COSA.. Cosa.) 
pIp '1"1 1 

AY3 Axo (sincpi sinai) +AyO (coscpi) + Azo (sincpi cosai) (26) 

AZ3 = Axo (sina cosa· +cosa COSA.. sina·) -AyO (cosa sinA..) 
pIP '1"1 1 P '1"1 

-A Z o· (sina sina· - COSa COSA.. COSa· ) pIP '1"1 1 

Referring to Fig. 5, the orthogonal vector components can be replaced 
by velocity components. Thus, 

Axo v AX3 u 

Ayo o AY3 v 

Azo o AZ3 w 

Then, from Eqs. (26) and (27), 

u V (cosa COSa. -sina COSA.. sina. ) 
pIp '1"1 1 

v = V sincpi sinai 

w V (sina cosa. +cosa COSA.. sina.) 
pIp '1"1 1 

The angle of attack, a, is given by Eqs. (21) and 28): 

a tan -1 W 

u 

which reduces to 

tan 
(

sina caSa. +caSa casA.. sina' ) -1 pIp '1"1 1 

caso_ casa. -sina casA.. sina. 
-1' 1 p '1"1 1 

a ap + tan -1 (tanai coscpi) 

and from Eqs. (22) and (28) the sideslip angle, (3, is 

(3 sin -1 ~ sin -1 (sinai sincpi) 

3.2 TRANSFER OF AERODYNAMIC FORCES AND MOMENTS 

(27) 

(28) 

(29a) 

(29b) 

(30) 

With the general use of internal balances in wind tunnel testing, data 
are usually obtained in the body axes. Thus, the transformation of body­
axes forces and moments to other axes systems is often required. Two 
examples of the application of transformation matrices to force and 
moment transfer are presented. 

11 
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3.2.1 Body to Wind Axes 

The orientation of three orthogonal vector components (Axo, AyO, Azo) 
in the body axes and their relationship to the transformed vector com­
ponents in the wind axes (AX2, AY2, AZ2) is shown in Fig. 6. 

AvO 
.t>. 

AX2 

v/ 

AY2 

AyO 

- /~/ 
l// / 

/I
V 

/ a , 

I 
\ 

\ 

tAZ2 

AZO 

Fig. 6 Vector Components in Body- and Wind-Axes Systems 

Transformation of the body-axes components to the wind axes is 
accomplished by the following sequence of rotations: (1) pitch through 
an angle -a about the Yo -axis, and (2) yaw through an angle f3 about 
the Zl -axis. Then, 

AX2 Axo Axo 

AY2 [M,8] [M_ a ] I Ayo I =:; [M(,8)(-a)] I Ayo 

AZ2 Azo Azo 

From Eqs. (6) and (9), the rotation matrices are 

cos (-a) 0 -sin (-a) 

[M_ a ] 0 1 0 

sin (-a) 0 cos (-a) 

cos ,8 sin ,8 0 

(31) 

(32a) 

[M,8] -sin ,8 cos ,8 0 (32b) 

0 0 1 

12 
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Combining these matrices in the proper order gives 

[M(,8)( -a) ] 

Then Eq. (31) gives 

AX2 

AY2 

cos f3 cos a sin f3 cos f3 sin a 

-sin f3 cos a cos f3 -sin f3 sin a 

-sin a o cos a 

Axo cos f3 cos a + AyO sin f3 + Azo cos f3 sin a 

Axo (-sin f3 cos a) +AyO cos f3 +Azo (-sin f3 sin a) 

AZ2 = Axo (-sin a) +AyO (0) +Azo cos a 

(33) 

(34) 

By definition, the aerodynamic forces are related to the vector compon­
ents as follows: 

Axo -FA AX2 -FD 

Ayo Fy AY2 Fe (35) 

Azo = -FN AZ2 = -FL 

Substituting these relations in Eq. (34) provides the results 

FD F A cos f3 cos a - Fy sin f3 + FN cos f3 sin a 

Fe F A sin f3 cos a + Fy cos f3 + FN sin f3 sin a 
(36) 

FL -FA sin a + FN cos a 

Transfer of moments can be accomplished by replacing each moment by 
its equivalent vector component. Then, 

Axo = Mx AX2 = Mxw 

Ayo My AY2 Myw (37) 

Azo Mz AZ2 Mz w 

and from Eq. (34), 

Mxw Mx cos f3 cos a + My sin f3 + Mz cos f3 sin a 

Myw -Mx sin f3 cos a + My cos f3 - Mz sin f3 sin a (38) 

Mzw -Mx sin a + Mz cos a 

13 
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3.2.2 Wind to Body Axes 

To obtain the body-axes components in terms of the wind-axes com­
ponents, the inverse of Eq. (33) is used. 

cos B cos a -sin f3 cos d. -sin a 

[M(~ )(-a)] sin f3 cos f3 0 (39) 

cos f3 sin a -sin f3 sin a cos a 
L 

then 
..., r-

Axo AX2 

Ayo [M(~ )(-a)] AY2 (40) 

LAzoJ AZ2 

and 

Axo AX2 cos f3 cos a + AY2 (-sin f3 cos a) +AZ2 (-sin a) 

Ayo AX2 sinf3 +AY2 cos f3 +AZ2 (0) (41) 

Azo AX2 cos f3 sin a + AY2 (-sin f3 sin a) + AZ2 cos a 

Thus, the body-axes forces and moments are 

FA = FD cos f3 cos a + Fe sin f3 cos a - FL sin a 

Fy -FD sin f3 + Fe cos f3 

FN FD cos f3 sin a + Fe sin f3 sin a + FL cos a 
(42) 

Mx MXw cos f3 cos a - Myw sin f3 cos a - MZ w sin a 

My Mxw sin f3 + Myw cos f3 

Mz MXw cos f3 sin a - Myw sin f3 sin a + MZ w cos a 

3.3 OTHER APPLICATIONS 

The derivation of weight tare corrections on balance loads can be 
handled in a manner similar to that described in Section 3. 1. For an 
equivalent series of rotations, Eq. (26) can be applied directly with the 
appropriate choice of the initial and final vector components. Weight 
tare corrections for arbitrarily oriented balances such as those used 
in instrumented controls are easily handled by additional rotations. 

14 
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A procedure similar to that used in Section 3, 2 can be used for 
transformation of loads in any axes system to any other axes system 
by the appropriate application of the transformation matrices. 

4.0 CONCLUDING REMARKS 

A method has been developed which simplifies the transformation 
of vector cemponents from one rectangular Cartesian coordinate sys­
tem to another. Matrix techniques are utilized to solve the simultan­
eous equations resulting from the rotation of an axes system through 
the three basic orientation angles. The number of axes rotations and 
their sequence is not limited. 

The method has been found to be very useful in the development of 
wind tunnel data reduction programs. 
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